2 and 3-dimensional Hamiltonians with Shape Invariance Symmetry by Jafarizadeh, M. A. et al.
ar
X
iv
:m
at
h-
ph
/0
00
50
19
v1
  1
6 
M
ay
 2
00
0
2 and 3-dimensional Hamiltonians with Shape
Invariance Symmetry
M. A. Jafarizadeh a,b,c ∗, H. Panahi-Talemi a, †and E. Faizi a, ‡
aDepartment of Theoretical Physics and Astrophysics, Tabriz University, Tabriz 51664, Iran.
bInstitute for Studies in Theoretical Physics and Mathematics, Teheran 19395-1795, Iran.
cPure and Applied Science Research Center, Tabriz 51664, Iran.
November 7, 2018
Abstract
Via a special dimensional reduction, that is, Fourier transforming over one of the
coordinates of Casimir operator of su(2) Lie algebra and 4-oscillator Hamiltonian, we
have obtained 2 and 3 dimensional Hamiltonian with shape invariance symmetry. Us-
ing this symmetry we have obtained their eigenspectrum. In the mean time we show
equivalence of shape invariance symmetry and Lie algebraic symmetry of these Hamil-
tonians.
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I INTRODUCTION
Exactly solvable quantum Hamiltonians (ESQH) have always attracted a lot of interest
in theoretical physics and mathematical physics. Hence, construction of exactly solvable
models is of great interest [1, 2, 3, 4, 5]. Familiar solvable potentials (particularly one-
dimensional one) have the property of shape invariance, where this property has played an
important role in calclulation of their determinant by Heat Kernel method [6, 7, 8, 9, 10] . For
these potentials, eigenvalues and eigenvectors can be derived using the well known methods
of supersymmetric quantum mechanics together with shape invariant factorization. The
majority of potentials have also been shown to possess a Lie algebraic symmetry and hence
are also solvable by group theoretical techniques. Actually one can establish a connection
between ESQH with shape invariance symmetry and ESQH with Lie algebraic symmetry
and can show that they are indeed equivalent [11, 12]. One of the authors has introduced
some 2 and 3-dimensional shape invariant Hamiltonians [13, 14, 15]. In theses article they
have shown that the shape invariance symmetry of these models is due to the existence of
some Lie algebraic symmetry. Hence, in this article we construct new 2 and 3-dimensional
EQSH with shape invariance symmetry, where su(2) and Heisenberg algebra are responsible
for the existence of shape invariance symmetry in them.
This paper is organized as follows: In section II, using the left and right invariant vector
fields of su(2) Lie algebra we first construct its Casimir operator. Then via Fourier transfor-
mation over one of the coordinates we construct 2-dimensional Hamiltonian Hq(θ, ψ) which
possess shape invariance symmetry. Using this symmetry we obtain its eigenspectrum ana-
lytically. In section III, starting with Hamiltonian of 4-oscillator and Fourier transforming
over one of the coordinates, we obtain 3-dimensional Hamiltonian corresponding to mo-
tion of a charged particle in presence of an electric field. We show that this 3-dimensional
Hamiltonian possess a shape invariance symmetry and using this symmetry we obtain its
eigenspectrum. What is so important in both models is that both Hamiltonians factorize
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shape invariantly into a product of second order differential operators. These second order
operators themselves consist of the product of first order differential operators. The paper
ends with a brief conclusion.
II 2-dimensional Hamiltonian obtained from
SU(2) manifold
II.1 Left and Right invariant vector field of SU(2)
Considering the following parametrization of su(2) group manifold [16]
Λ = exp(i~σ.~nψ) = A

 exp(iψ) 0
0 exp(−iψ)

A−1
=

 cos(ψ)− i cos(θ) sin(ψ) −i sin(θ) sin(ψ) exp(−iφ)
−i sin(θ) sin(ψ) exp(iφ) cos(ψ) + i cos(θ) sin(ψ)

 , (2.1)
where σi, i= 1, 2 and 3 are Pauli matrices and ~n is a unit vector defined as:
~n = sin(θ) cos(φ)~i+ sin(θ) sin(φ)~j + cos(θ)~k,
and matrix A corresponds to the coherent state representation of su(2) defined as [17] :
A =

 1 τ
0 1



 exp(
β
2
) 0
0 exp(−β
2
)



 1 0
−τ ⋆ 1

 ,
with τ = tan( θ
2
) exp(−iφ) and β = ln(1 + ττ ⋆).
In order to obtain the left and right invariant vector field su(2) manifold with the above
parametrization, it is convenient first to calculate its left and right invariant one form defined
as Λ−1dΛ and dΛΛ−1 respectively [18].
As an example, let us write left invariant one form
Λ−1dΛ = eaαdξ
ασa,
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where eaα are 3-beins and ξ
α = (θ, φ, ψ) are coordinates of su(2)-manifold. Defining the
inverse of 3-bein eαa = g
αβδabe
b
β with g
αβ as inverse of metric gαβ:
gα,β =


1 0 0
0 sin2(ψ) 0
0 0 sin2(ψ) sin2(θ)

 ,
then the left invariant vector field is defined as:
La = e
α
a
∂
∂ξα
.
Using the above prescription we obtain the following expression for left and right invariant
vector field of su(2), respectively,
L+ =
i
2
eiφ
[
sin(θ)∂ψ + (i+ cos(θ) cot(ψ))∂θ + (− cot(θ) + icot(ψ)
sin(θ)
)∂φ
]
, (2.2)
L− =
i
2
e−iφ
[
sin(θ)∂ψ + (−i+ cos(θ) cot(ψ))∂θ + (− cot(θ)− icot(ψ)
sin(θ)
)∂φ
]
, (2.3)
L3 =
i
2
(− cos(θ)∂ψ + sin(θ) cot(ψ)∂θ − ∂φ) , (2.4)
R+ =
i
2
eiφ
[
sin(θ)∂ψ + (−i+ cos(θ) cot(ψ))∂θ + (cot(θ) + icot(ψ)
sin(θ)
)∂φ
]
, (2.5)
R− =
i
2
e−iφ
[
sin(θ)∂ψ + (i+ cos(θ) cot(ψ))∂θ + (cot(θ)− icot(ψ)
sin(θ)
)∂φ
]
, (2.6)
R3 =
i
2
(− cos(θ)∂ψ + sin(θ) cot(ψ)∂θ + ∂φ) , (2.7)
where L± = L1 ± iL2 and R± = R1 ± iR2. It is straightforward to show that the left and
right invariant vector field fulfill the following su(2) Lie algebra:
[L+, L−] = 2L3, [L3, L±] = ±L±, (2.8)
[R+, R−] = −2R3, [R3, R±] = ∓R±, (2.9)
also, the left and right invariant generators commute with each other
[~L, ~R] = 0. (2.10)
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Considering the Casimir operators of su(2) defined as:
L2 =
1
2
(L+L− + L−L+) + L23,
and ignoring the scale 1/4, we obtain
L2 = − 1
sin2(ψ)
∂ψ sin
2(ψ)∂ψ − 1
sin2(ψ)
(
1
sin(θ)
∂θ sin(θ)∂θ +
1
sin2(θ)
∂2φ
)
. (2.11)
In obtaining the above formula we have used the left invariant generators. It is straightfor-
ward to show that we can obtain the same result with right invariant generators too, that
means the Casimir operator of left and right operator are the same.
II.2 Hq(θ, ψ) Hamiltonian
Here through dimensional reduction we show that the above Casimir operator reduces to a
Hamiltonian of motion of a charged particle in the presence of electric field. Hence, first we
make one-dimensional reduction ( eliminate the coordinate φ ) through the usual Fourier
transformation defined as
f˜(q) =
1√
2π
∫ 2π
0
f(φ) exp(−iφq)dφ, (2.12)
over an arbitrary function f(φ). Obviously the Casimir operator (2.11) reduces to the fol-
lowing operator
L2q(θ, ψ) = −
1
sin2(ψ)
∂ψ sin
2(ψ)∂ψ − 1
sin2(ψ)
(
1
sin(θ)
∂θ sin(θ)∂θ − q
2
sin2(θ)
)
, (2.13)
in the Hilbert space of Fourier transformed wavefunctions. In general the non- relativistic
Hamiltonian of a charged particle over a 2-dimensional manifold with metric gµν in the
presence of magneto static field ~B with vector potential ~A and electro static field ~E with
scalar potential V can be written as [10, 19]
H = − 1√
g
(∂µ − iAµ)(√ggµν(∂ν − iAν)) + V, (2.14)
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where g is the determinant of metric gµν . After similarity transformation of the Casimir
operator (2.13) defined as:
L˜2q(θ, ψ) = sin
1
2 (ψ)L2q(θ, ψ) sin
− 1
2 (ψ),
we have
L˜2q(θ, ψ) = −
1
sin(ψ)
∂ψ sin(ψ)∂ψ − 1
sin2(ψ)
(
1
sin(θ)
∂θ sin(θ)∂θ − q
2
sin2(θ)
)
+
1
4
cot2(ψ)− 1
2
.
(2.15)
Comparing the operator (2.15) with the Hamiltonian (2.14) we obtain
gψψ = 1, gθθ = sin
2(ψ), gψθ = gθψ = 0
and
Aψ = 0, Aθ =
i
2
cot(θ) = d(
i
2
ln(sin(θ)). (2.16)
It is trivial to see that the vector potential given in (2.16) corresponds to the pure u(1)
gauge field, hence it can be eliminate through the gauge transform A −→ Aµ + ∂µχ with
gauge function χ = i
2
ln(sin(θ)). After the above gauge transformation the su(2)-Casimir
Hamiltonian reduces to
Hq(θ, ψ) ≡ e−χL˜2q(θ, ψ)eχ = −
1
sin(ψ)
∂ψ sin(ψ)∂ψ − 1
sin2(ψ)
∂2θ +
q2 − 1
4
sin2(ψ) sin2(θ)
− 3
4
, (2.17)
which can be interpreted as a non-relativistic Hamiltonian of a point particle over
2-dimensional sphere with metric
gµ,ν =

 1 0
0 sin2(ψ)


in the presence of electric field with scalar potential
V =
q2 − 1
4
sin2(ψ) sin2(θ)
− 3
4
.
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Similarly, the left and right invariant vector fields given in (2.2)-(2.7) take the following form
after the above given operations, namely, dimensional reduction, similarity transformation
and gauge transformation:
L˜′+(q) = L˜+(q) + g(θ, ψ, q), R˜
′
+(q) = R˜+(q)− g⋆(θ, ψ, q),
L˜′−(q) = L˜−(q)− g⋆(θ, ψ, q), R˜′−(q) = R˜−(q) + g(θ, ψ, q),
L˜′3(q) = L˜3(q), R˜
′
3(q) = R˜3(q),
where
L˜+(q) =
i
2
(
sin(θ)∂ψ + (i+ cos(θ) cot(ψ))∂θ + i(q − 1)(− cot(θ) + icot(ψ)
sin(θ)
)
)
e
− ∂
∂q , (2.18)
L˜−(q) =
i
2
(
sin(θ)∂ψ + (−i+ cos(θ) cot(ψ))∂θ + i(q + 1)(− cot(θ)− icot(ψ)
sin(θ)
)
)
e
∂
∂q , (2.19)
L˜3(q) =
i
2
(− cos(θ)∂ψ + sin(θ) cot(ψ)∂θ − iq) , (2.20)
R˜+(q) =
i
2
(
sin(θ)∂ψ + (−i+ cos(θ) cot(ψ))∂θ + i(q − 1)(cot(θ) + icot(ψ)
sin(θ)
)
)
e
− ∂
∂q , (2.21)
R˜−(q) =
i
2
(
sin(θ)∂ψ + (i+ cos(θ) cot(ψ))∂θ + i(q + 1)(cot(θ)− icot(ψ)
sin(θ)
)
)
e
∂
∂q , (2.22)
R˜3(q) =
i
2
(− cos(θ)∂ψ + sin(θ) cot(ψ)∂θ + iq) (2.23)
with g(θ, ψ, q) is:
g(θ, ψ, q) =
1
4
(
cot(θ)− icot(ψ)
sin(θ)
)
e
∂
∂q ,
where * means the usual complex conjugation. With some calculation one can show that the
above algebra, that is, the commutation relations is unchanged under the above mentioned
transformation and the Hamiltonian Hq(θ, ψ) can be written in terms of generators (2.18)-
(2.20) in the following form
Hq(θ, ψ) =
1
2
(
L˜′+(q)L˜
′
−(q) + L˜
′
−(q)L˜
′
+(q)
)
+ L˜′3(q)
2.
Hence, Hq(θ, ψ) is still Casimir operator su(2) Lie algebra with generator given in (2.18)-
(2.23).
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II.3 Algebraic Solution of Hq(θ, ψ) Hamiltonian
In order to obtain eigenspectrum of Hamiltonian (2.17) by algebraic method, first we ob-
tain eigenspectrum of the Casimir operator (2.11). Since this operator commutes with left
and right invariant generators given in (2.10), therefore, we can obtain representation of
su(2) simply by finding simultaneous eigenfunctions of the set of commuting operators,
(R3, L3, L
2). Denoting their simultaneous eigenfunction by χlmL,mR(θ, ψ, φ), we can write
L2χlmL,mR(θ, ψ, φ) = l(l + 1)χ
l
mL,mR
(θ, ψ, φ), (2.24)
L3χ
l
mL,mR
(θ, ψ, φ) = mLχ
l
mL,mR
(θ, ψ, φ), (2.25)
R3χ
l
mL,mR
(θ, ψ, φ) = mRχ
l
mL,mR
(θ, ψ, φ). (2.26)
Now solving the difference of the first order differential equations (2.25) and (2.26) we deduce
that χlmL,mR(θ, ψ, φ) is proportional to e
−i(mR−mL)φ, hence we have χlmL,mR(θ, ψ, φ) =
e−i(mR−mL)φf(θ, ψ), where f(θ, ψ) can be determined from the solution of the sum of the
equations (2.25) and (2.26), that is
− i cos(θ)∂ψf(θ, ψ) + i sin(θ) cot(ψ)∂θf(θ, ψ) = (mL +mR)f(θ, ψ). (2.27)
Now considering the highest weight defined by mL = −mR = l. this happenes if the right
hand side of the equation (2.27) vanishes, hence it can be solved by characteristic method
which leads to the following results:
χll,−l(θ, ψ, φ) = exp(2ilφ)f
max(sin(ψ) sin(θ))
where fmax is an arbitrary function which can be determined by solving the first order
differential equation:
R+χ
l
l,−l(θ, ψ, φ) = 0, L+χ
l
l,−l(θ, ψ, φ) = 0.
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Since the highest weight χll,−l belongs to the kernel of raising operators R+ and L+, therefore
the sum of the equations (2.2) and (2.5) leads to
u
dfmax(u)
du
= 2lfmax(u),
where u = sin(ψ) sin(θ). Therefore, solving the above equation we obtain fmax(u) = u2l,
hence χll,−l(θ, ψ, φ) has the following form
χll,−l(θ, ψ, φ) = e
2ilφ(sin(ψ) sin(θ))2l. (2.28)
The other eigenweights can be obtained through the operation of the lowering operator R−
and L− over the highest eigenfunction, that is, we have
χlmL,mR(θ, ψ, φ) = (L−)
l−mL(R−)l+mR(e2ilφ(sin(ψ) sin(θ))2l). (2.29)
In order to eliminate the coordinate φ, first we transfer the function e2ilφ to the left hand
side of the operators R− and L− in (2.29), then we get:
χlmL,mR(θ, ψ, φ) = e
i(mL−mR)φL−(mL −mR + 1)L−(mL −mR + 2)...
...L−(l −mR)R−(l −mR + 1)...R−(2l)(sin(ψ) sin(θ))2l, (2.30)
where the operators L−(m) and R−(m) are defined as:
L−(m) =
i
2
(
sin(θ)∂ψ + (−i+ cos(θ) cot(ψ))∂θ + im(− cot(θ)− icot(ψ)
sin(θ)
)
)
, (2.31)
R−(m) =
i
2
(
sin(θ)∂ψ + (i+ cos(θ) cot(ψ))∂θ + im(cot(θ)− icot(ψ)
sin(θ)
)
)
. (2.32)
Finally, the Fourier transformation of (2.30) leads to
χlq,m(θ, ψ) = L−(q + 1)L−(q + 2)...L−(l +
q −m
2
)R−(l +
q −m
2
+ 1)...
...R−(2l)(sin(ψ) sin(θ))2l, (2.33)
where q = mL −mR and m = mL +mR.
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Since the left and right invariant generators commute with each other, we can exchange
these operators in (2.29) before Fourier transformation, whereas after Fourier transformation,
we can use only the relation L−(q)R−(q − 1) = R−(q)L−(q − 1). Since the Hamiltonian
Hq(θ, ψ) can be obtained from the relations (2.15) and (2.17) via similarity transformation
and gauge transformation, we have:
Hq(θ, ψ) = exp(−ξ)L2q(θ, ψ) exp(ξ), L2q(θ, ψ)χlq,m(θ, ψ) = l(l + 1)χlq,m(θ, ψ), (2.34)
where ξ = −1
2
ln(sin(ψ) sin(θ)). Hence eigenfunction of Hamiltonian Hq(θ, ψ) can be written
as:
χ˜lq,m(θ, ψ) = exp(−ξ)χlq,m(θ, ψ). (2.35)
II.4 Shape Invariance Symmetry of Hq(θ, ψ)
Here in this section we show that the Hamiltonian Hq(θ, ψ) possess both degeneracy and
shape invariance symmetry [1, 2, 3]. As it is shown in section (II.3), functions χ˜lq,m(θ, ψ) =
(sin(ψ) sin(θ))
1
2χlq,m(θ, ψ) are eigenfunctions of Hamiltonian Hq(θ, ψ) with the corresponding
eigenvalue l(l + 1). Since |mR| ≤ l and |mL| ≤ l, therefore, |q| ≤ 2l and for a given value of
q the parameter m can take the following values:
m =


0,±2,±4, ...,±(2l − |q|) for |q| = even,
±1,±3, ...,±(2l − |q|) for |q| = odd.
(2.36)
Since the eigenvalue of HamiltonianHq(θ, ψ) is independent ofm, therefore it has (2l+1−|q|)
degenerate states for a given l or given energy l(l+1). To see the shape invariance symmetry
of Hamiltonian Hq(θ, ψ), first we consider the Fourier transformed left and right invariant
vector fields:
L˜+(q) ≡ L+(q − 1)e−
∂
∂q
=
i
2
(
sin(θ)∂ψ + (i+ cos(θ) cot(ψ))∂θ + i(q − 1)(− cot(θ) + icot(ψ)
sin(θ)
)
)
e
− ∂
∂q , (2.37)
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L˜−(q) ≡ L−(q + 1)e
∂
∂q
=
i
2
(
sin(θ)∂ψ + (−i+ cos(θ) cot(ψ))∂θ + i(q + 1)(− cot(θ)− icot(ψ)
sin(θ)
)
)
e
∂
∂q , (2.38)
L˜3(q) ≡ L3(q) = i
2
(− cos(θ)∂ψ + sin(θ) cot(ψ)∂θ − iq) (2.39)
and
R˜+(q) ≡ R+(q − 1)e−
∂
∂q
=
i
2
(
sin(θ)∂ψ + (−i+ cos(θ) cot(ψ))∂θ + i(q − 1)(cot(θ) + icot(ψ)
sin(θ)
)
)
e
− ∂
∂q , (2.40)
R˜−(q) ≡ R−(q + 1)e
∂
∂q
=
i
2
(
sin(θ)∂ψ + (i+ cos(θ) cot(ψ))∂θ + i(q + 1)(cot(θ)− icot(ψ)
sin(θ)
)
)
e
∂
∂q , (2.41)
R˜3(q) ≡ R3(q) = i
2
(− cos(θ)∂ψ + sin(θ) cot(ψ)∂θ + iq). (2.42)
After some tedious algebraic calculation we can derive the following relation between the
above operators
L3(q ± 1)L±(q)− L±(q)L3(q) = ±L±(q) (2.43)
R3(q ± 1)R±(q)−R±(q)R3(q) = ∓R±(q). (2.44)
These relations indicate that Hamiltonian Hq(θ, ψ) possesses shape invariance symmetry.
Since by acting the operators R±(q) and L±(q) on both sides of eigenvalue equations:
L2q(θ, ψ)χ
l
q,m(θ, ψ) = l(l + 1)χ
l
q,m(θ, ψ),
R3(q)χ
l
q,m(θ, ψ) =
m− q
2
χlq,m(θ, ψ),
L3(q)χ
l
q,m(θ, ψ) =
m+ q
2
χlq,m(θ, ψ),
we get,
R±(q)χlq,m(θ, ψ) = A±(q,m)χ
l
q±1,m∓1(θ, ψ), (2.45)
L±(q)χ
l
q,m(θ, ψ) = B±(q,m)χ
l
q±1,m±1(θ, ψ), (2.46)
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with
A±(q,m) =
1
2
√
(2l ∓ (m− q))(2l ± (m− q) + 2), (2.47)
B±(q,m) =
1
2
√
(2l ∓ (m+ q))(2l ± (m+ q) + 2). (2.48)
The above relations imply that the pair of operators (L−, R+) [(L+, R−)] map degenerate
eigenstates of Hamiltonian Hq(θ, ψ) for a given value of q into each other, that is they
decrease [increase] the quantum number m by 2 units as follows:
L−(q + 1)R+(q)χlq,m(θ, ψ) = A+(q,m)B−(q + 1, m− 1)χlq,m−2(θ, ψ),
L+(q − 1)R−(q)χlq,m(θ, ψ) = A−(q,m)B+(q − 1, m+ 1)χlq,m+2(θ, ψ).
Now introducing the operator Y+(q) := L+(q − 1)R−(q) and Y−(q) := L−(q + 1)R+(q) as
the raising and lowering operators of degenerates states of Hamiltonian Hq(θ, ψ), we have
the following shape invariance like symmetry between the degenerate states of Hamiltonian
Hq(θ, ψ):
Y−(q)Y+(q)χlq,m(θ, ψ) = E(q,m)χ
l
q,m(θ, ψ)
Y+(q)Y−(q)χlq,m+2(θ, ψ) = E(q,m)χ
l
q,m+2(θ, ψ)
where
E(q,m) = A−(q,m)A+(q,m+ 2)B−(q + 1, m+ 1)B+(q − 1, m+ 1).
Thus, for a given value of q, we can obtain eigenfunction of Hamiltonian Hq(θ, ψ) with
eigenvalue l(l + 1), simply by acting the pairs of operators (L−, R+)[(L+, R−)] over the
highest weight [lowest weight], where here we have derived the eigenfunction χlq,m(θ, ψ) by
acting the lowering operator over the highest eigenstate as follows:
χlq,m(θ, ψ) = k
−1(Y−(q))
2l−|q|−m
2 χlq,(2l−|q|)(θ, ψ), (2.49)
where
k = B−(q + 1, m+ 1)B−(q + 1, m+ 3)...
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×B−(q + 1, 2l − |q| − 1)A+(q,m+ 2)A+(q,m+ 4)...A+(q, 2l − |q|).
Using the relation (2.33) we can obtain the highest weight eigenstates for q > 0 and q < 0,
χlq,(2l−|q|)(θ, ψ) =


L−(q + 1)L−(q + 2)...
×L−(0)R−(1)R−(2)...R−(2l)(sin(θ) sin(ψ))2l for q < 0
R−(q + 1)R−(q + 2)...R−(2l)(sin(θ) sin(ψ))2l for q > 0.
On the other hand pair operator (L+, R+)[or(L−, R−)] leave the eigenvalue m and l
unchanged while they increase [decrease] the parameter q by 2 units, that is they map
eigenfunction of Hamiltonian corresponding to the same energy with different q into each
other. That is, they map isospectral Hamiltonian into each other, which nothing but shape
invariance. In order to show this shape invariance symmetry, we act the related operators
over χlq,m(θ, ψ), we then obtain:
L+(q + 1)R+(q)χ
l
q,m(θ, ψ) = A+(q,m)B+(q + 1, m− 1)χlq+2,m(θ, ψ)
L−(q − 1)R−(q)χlq,m(θ, ψ) = A−(q,m)B−(q − 1, m+ 1)χlq−2,m(θ, ψ),
obviously, the combined action of above operators leave the eigenvalues m and l unchanged
while changing the parameter q by 2-units. Hence we define the operator X+(q) := L+(q +
1)R+(q) and X−(q) := L−(q + 1)R−(q + 2) as raising and lowering operators of parameter
q. Then the shape invariance symmetry means:
X−(q)X+(q)χlq,m(θ, ψ) = N(q,m)χ
l
q,m(θ, ψ)
X+(q)X−(q)χ
l
q+2,m(θ, ψ) = N(q,m)χ
l
q+2,m(θ, ψ)
where
N(q,m) = A+(q,m)A−(q + 2, m)B+(q + 1, m− 1)B−(q + 1, m+ 1)
or
N(q,m) =
1
16
(2l −m− q)(2l +m+ q + 2)
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×
√
(2l −m+ q)(2l −m+ q + 4)(2l +m− q + 2)(2l +m− q − 2).
For fixed values of energy l(l + 1) and given values of m, the parameter q can take the
following values
q = (2l − |m|), (2l − |m| − 2), ...,−(2l − |m| − 2),−(2l − |m|).
Hence obtaining the highest eigenstates, by solving the following first order differential equa-
tion
X+(2l − |m|)χl(2l−|m|),m(θ, ψ) = 0
where its integral leads to
χl(2l−|m|),m(θ, ψ) =


L−(2l −m+ 1)L−(2l −m+ 2)...L−(2l)(sin(θ) sin(ψ))2l for m < 0,
R−(2l −m+ 1)R−(2l −m+ 2)...R−(2l)(sin(θ) sin(ψ))2l for m > 0.
Therefore using the shape invariance relation, we can obtain the eigenstates of Hamiltonian
Hq(θ, ψ) by consecutive action of q-lowering operator over q-highest weight eigenstate,
χlq,m(θ, ψ) = f
−1X−(q)X−(q + 2)...X−(2l − |m| − 4)X−(2l − |m| − 2)χl(2l−|m|),m(θ, ψ)
f = A(q + 2, m)A(q + 4, m)...A−(2l − |m|, m)
×B−(q + 1, m+ 1)B−(q + 3, m+ 1)...B−(2l − |m| − 1, m+ 1).
III 3-dimensional Hamiltonian obtained from
4-Oscillators
Here in this section using the su(2)-parametrization of previous section, we obtain a special
3-dimensional Hamiltonian from the Hamiltonian of 4-oscillator with the same frequency,
where we obtain its spectrum via the corresponding spectrum of 4-oscillator Hamiltonian.
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We show that such a Hamiltonian possesses shape invariance symmetry. The Hamiltonian
of 4-oscillator with same frequency can be written as:
H = −1
2
Σ4i=0(P
2
i +
1
2
ω2x2i ).
Now making the following change of variable:
x1 = −r sin(ψ) sin(θ) sin(φ),
x2 = r sin(ψ) sin(θ) cos(φ),
x3 = r sin(ψ) cos(θ),
x4 = r cos(ψ),
(3.1)
where ψ, θ, φ are the same coordinates used in the parametrization su(2) manifold, the
Hamiltonian takes the following form
H(r, θ, ψ, φ) = −1
2
[
1
r3
∂rr
3∂r
+
1
r
(
∂2ψ + 2 cot(ψ)∂ψ +
1
sin2(ψ)
(∂2θ + cot(θ)∂θ +
1
sin2(θ)
∂2φ)
)]
+
1
2
ω2r2. (3.2)
Since angular part of the above Hamiltonian is the same, the one given in (2.11), therefore,
its eigenspectrum can be obtained straightforwardly through routine separation variable into
radial and angular part which we are not interested in it here in this work. Actually here
we are concerned with special Hamiltonian which can be obtained from this 4-oscillator
Hamiltonian, that is, those Hamiltonians which possess shape invariance symmetry.
In order to achieve this, we write the above Hamiltonian in terms of raising and lowering
operators defined in the usual way:
H = ω(a†1a1 + a
†
2a2 + a
†
3a3 + a
†
4a4 + 2), (3.3)
where ai(a
†
i ) are defined as:
ai =
√
ω
2
(xi +
1
ω
d
dxi
), a†i =
√
ω
2
(xi − 1
ω
d
dxi
).
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These operators have the following form in radial coordinate (3.1)
a1(a
†
1) =
√
ω
2
[
−r sin(ψ) sin(θ) sin(φ) + (−) 1
ω
(
− sin(ψ) sin(θ) sin(φ)∂r
−1
r
cos(ψ) sin(θ) cos(φ)∂ψ − 1
r
cos(θ) sin(φ)
sin(ψ)
∂θ − 1
r
cos(φ)
sin(ψ) sin(θ)
∂φ )] ,
a2(a
†
2) =
√
ω
2
[
r sin(ψ) sin(θ) cos(φ) + (−) 1
ω
(
sin(ψ) sin(θ) cos(φ)∂r
+
1
r
cos(ψ) sin(θ) cos(φ)∂ψ +
1
r
cos(θ) cos(φ)
sin(ψ)
∂θ − 1
r
sin(φ)
sin(ψ) sin(θ)
∂φ )] ,
a3(a
†
3) =
√
ω
2
[
r sin(ψ) cos(θ) + (−) 1
omega
(
sin(ψ) cos(θ)∂r
+
1
r
cos(ψ) cos(θ)∂ψ − 1
r
sin(θ)
sin(ψ)
∂θ) )] ,
a4(a
†
4) =
√
ω
2
[
r cos(ψ) + (−) 1
ω
(
cos(ψ)∂r − 1
r
sinψ∂ψ
)]
.
Now let us define the set of new operators Ai(A
†
i), i= 1, 2 in terms of ai(a
†
i) :
A1 =
1√
2
(a1 + ia2), A
†
1 =
1√
2
(a†1 − ia†2),
A2 =
1√
2
(a1 − ia2), A†2 =
1√
2
(a†1 + ia
†
2),
where, these new operators have the following differential form in radial coordinates:
A1 =
i√
2
√
ω
2
eiφ [r sin(ψ) sin(θ)
+
1
ω
(
sin(ψ) sin(θ)∂r − 1
r
cos(ψ) sin(θ)∂ψ +
1
r
cos(θ)
sin(ψ)
∂θ +
1
r
i
sin(ψ) sin(θ)
∂φ)
)]
, (3.4)
A
†
1 =
−i√
2
√
ω
2
e−iφ [r sin(ψ) sin(θ)
+
1
ω
(
sin(ψ) sin(θ)∂r +
1
r
cos(ψ) sin(θ)∂ψ +
1
r
cos(θ)
sin(ψ)
∂θ − 1
r
i
sin(ψ) sin(θ)
∂φ
)]
, (3.5)
A2 = − i√
2
√
ω
2
e−iφ [r sin(ψ) sin(θ)
+
1
ω
(
sin(ψ) sin(θ)∂r +
1
r
cos(ψ) sin(θ)∂ψ +
1
r
cos(θ)
sin(ψ)
∂θ − 1
r
i
sin(ψ) sin(θ)
∂φ)
)]
, (3.6)
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A
†
2 =
i√
2
√
ω
2
eiφ [r sin(ψ) sin(θ)
− 1
ω
(
sin(ψ) sin(θ)∂r +
1
r
cos(ψ) sin(θ)∂ψ +
1
r
cos(θ)
sin(ψ)
∂θ +
1
r
i
sin(ψ) sin(θ)
∂φ
)]
. (3.7)
It is also straightforward to show that they have the following commutator relations:
[Ai, A
†
j] = δij , [Ai, Aj] = [A
†
i , A
†
j ] = 0, i, j = 1, 2 .
The 4-oscillators Hamiltonian (3.3) can be written in terms of the new oscillators as follows:
H = ω(A†1A1 + A
†
2A2 + a
†
3a3 + a
†
4a4 + 2). (3.8)
Now its eigenspectrum can be obtained by solving the following eigenvalue equation
HΨ(n1,n2,n3,n4)(r, θ, φ, ψ) = E(n1,n2,n3,n4)Ψ(n1,n2,n3,n4)(r, θ, φ, ψ), (3.9)
by the usual algebraic method. Hence its eigenfunction can be written as:
Ψ(n1,n2,n3,n4)(r, θ, φ, ψ) = N(A
†
1)
n1(A†2)
n2(a†3)
n3(a†4)
n4 exp(−ω
2
r2), (3.10)
with N = ω
π
√
n1!n2!n3!n4!
as the normalization constant, and energy E(n1,n2,n3,n4) = (n1 + n2 +
n3 + n4 + 2)ω. Using the differential representation of the operator, the wavefunction (3.10)
can be written in the following form
Ψ(n1,n2,n3,n4)(r, θ, φ, ψ) = N2
(1/2)(n1+n2)ei(n2−n1)φe−(1/2)r
2
(r sin(ψ) sin(θ))(n1+n2)
×Hn3(r sin(ψ) cos(θ))Hn4(r cos(ψ))Σn1i=0(−1)ii!

 n1
i



 n2
i

 (r sin(ψ) sin(θ))2i, (3.11)
where Hn is the Hermit polynomial of degree n and

 n
r

 = n!r!(n−r)! . Now with the same
prescription used in the previous section, we can eliminate φ, by Fourier transforming over
it. Hence, by the Fourier transformation over φ, the 4-oscillator Hamiltonian reduces to the
following Hamiltonian:
Hm(r, θ, ψ) = −1
2
[
1
r3
∂rr
3∂r
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+
1
r2
(
∂2ψ + 2 cot(ψ)∂ψ +
1
sin2(ψ)
(∂2θ + cot(θ)∂θ −
m2
sin2(θ)
)
)]
+
1
2
ω2r2, (3.12)
where after similarity transformation through function r1/2, it reduces to
H˜m(r, θ, ψ) = r
1/2Hm(r, θ, ψ)r
−1/2 = −1
2
[
1
r2
∂rr
2∂r
+
1
r2
(
∂2ψ + 2 cot(ψ)∂ψ +
1
sin2(ψ)
(∂2θ + cot(θ)∂θ −
m2
sin2(θ)
)]
+
1
2
ω2r2 +
3
8r2
. (3.13)
On the other hand, the Hamiltonian Hm(r, θ, ψ) given by (3.12) can be written in the fol-
lowing form
Hm(r, θ, ψ) = ω(A
†
1(m+ 1)A1(m) + A
†
2(m− 1)A2(m) + a†3a3 + a†4a4 + 2), (3.14)
with
A1(m) =
i√
2
√
ω
2
[r sin(ψ) sin(θ)
+
1
ω
(
sin(ψ) sin(θ)∂r − 1
r
cos(ψ) sin(θ)∂ψ +
1
r
cos(θ)
sin(ψ)
∂θ − 1
r
m
sin(ψ) sin(θ)
)]
, (3.15)
A
†
1(m) = −
i√
2
√
ω
2
[r sin(ψ) sin(θ)
− 1
ω
(
sin(ψ) sin(θ)∂r +
1
r
cos(ψ) sin(θ)∂ψ +
1
r
cos(θ)
sin(ψ)
∂θ +
1
r
m
sin(ψ) sin(θ)
)]
, (3.16)
A2(m) = − i√
2
√
ω
2
[r sin(ψ) sin(θ)
+
1
ω
(
sin(ψ) sin(θ)∂r +
1
r
cos(ψ) sin(θ)∂ψ +
1
r
cos(θ)
sin(ψ)
∂θ +
1
r
m
sin(ψ) sin(θ)
)]
, (3.17)
A
†
2(m) =
i√
2
√
ω
2
[
r sin(ψ) sin(θ)− 1
ω(
sin(ψ) sin(θ)∂r +
1
r
cos(ψ) sin(θ)∂ψ +
1
r
cos(θ)
sin(ψ)
∂θ − 1
r
m
sin(ψ) sin(θ)
)]
. (3.18)
It is straightforward to derive the following relation between Hamiltonian (3.12) and operator
Ai(m)(A
†
i (m)), i= 1, 2:
H(m− 1)A†1(m)− A†1(m)H(m) = ωA†1(m),
H(m+ 1)A†2(m)−A†2(m)H(m) = ωA†2(m),
H(m+ 1)A1(m)−A1(m)H(m) = −ωA1(m),
H(m− 1)A2(m)−A2(m)H(m) = −ωA2(m),
(3.19)
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where H(m) := Hm(r, θ, ψ). The above relations indicate that Hamiltonian (3.12) possesses
shape invariance symmetry. To see this, we consider the Fourier transformation of eigenvalue
equation (3.9):
H(m)Ψ(n,m,n3,n4)(r, θ, ψ) = E(n,n3,n4)Ψ(n,m,n3,n4)(r, θ, ψ), (3.20)
where n = n1 + n2, m = n2 − n1 and E(n,n3,n4) = (n + n3 + n4 + 2)ω. Since n1 and n2 are
positive integers, therefore n is also a positive integer but m is an integer. For a given value
of m, the quantum number n can be either even or odd integer, since, quantum numbers
n1 and n2 vary by the same amount, so that m remains constant. Actually for some given
value of m, the quantum number n can take the following values
n = |m|, |m|+ 2, |m|+ 4, ... .
On the other hand, in terms of n, the quantum number m can take the following values
m = −n,−n + 2, ..., n− 2, n .
It is interesting to see that energy of Hamiltonian Hm(r, θ, ψ) is independent of m, hence
these Hamiltonians are isospectral which is due to the existence of shape invariance symmetry
as we show below.
Operating the operator A†1(m) on both sides of the eigenvalue relation (3.20) and using
the relations (3.19), we get
H(m− 1)(A†1(m)Ψn,m(r, θ, ψ)) = (En + ω)(A†1(m)Ψn,m(r, θ, ψ)),
therefore, A†1(m)Ψn,m(r, θ, ψ)) corresponds to the eigenfunction ofH(m−1) with correspond-
ing eigenvalue En+1, that is
A
†
1(m)Ψn,m(r, θ, ψ) =
√
n−m
2
+ 1Ψn+1,m−1(r, θ, ψ),
where Ψn,m(r, θ, ψ) := Ψ(n,m,n3,n4)(r, θ, ψ) and En := E(n,n3,n4). Similarly, operating A
†
2(m)
on both sides of (3.20) and using (3.19) we get:
H(m+ 1)(A†2(m)Ψn,m(r, θ, ψ)) = (En + ω)(A
†
2(m)Ψn,m(r, θ, ψ)),
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which leads to
A
†
2(m)Ψn,m(r, θ, ψ) =
√
n+m
2
+ 1Ψn+1,m+1(r, θ, ψ).
Also by acting the operators A1(m) and A2(m) on the eigenvalue relation (3.20) and using
the relations (3.19) we obtain
H(m+ 1)(A1(m)Ψn,m(r, θ, ψ)) = (En − ω)(A1(m)Ψn,m(r, θ, ψ)),
H(m− 1)(A2(m)Ψn,m(r, θ, ψ)) = (En − ω(A2(m)Ψn,m(r, θ, ψ)),
which imply the following relations
A1(m)Ψn,m(r, θ, ψ) =
√
n−m
2
Ψn−1,m+1(r, θ, ψ),
A2(m)Ψn,m(r, θ, ψ) =
√
n +m
2
Ψn−1,m−1(r, θ, ψ).
From the above relations we conclude that the pair of operators (A2(m), A
†
1(m)) or
(A†2(m), A1(m)) acting at eigenfunction Ψn,m(r, θ, ψ) of Hamiltonian H(m), give eigenfunc-
tion of Hamiltonian H(m± 2) with same the energy as follows:
A2(m− 1)A†1(m)Ψn,m(r, θ, ψ) =
1
2
√
(n+m)(n−m+ 2)Ψn,m−2(r, θ, ψ),
A
†
2(m+ 1)A1(m)Ψn,m(r, θ, ψ) =
1
2
√
(n−m)(n +m+ 2)Ψn,m−2(r, θ, ψ).
Now introducing the operators A−(m) := A2(m−1)A†1(m) and A+(m) := A†2(m−1)A1(m−
2), we have:
A−(m)A+(m)Ψn,m−2(r, θ, ψ) = E(n,m)Ψn,m−2(r, θ, ψ),
A+(m)A−(m)Ψn,m(r, θ, ψ) = E(n,m)Ψn,m(r, θ, ψ),
where
E(n,m) =
1
4
(n+m)(n−m+ 2).
The above relations show the existence of shape invariance symmetry between the Hamil-
tonian H(m) and H(m − 2) with same given eigenvalue En. Hence we can obtain the
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eigenfunction Ψn,m(r, θ, ψ) of Hamiltonian H(m) by consecutive action of related raising
operators over Ψn,n(r, θ, ψ):
Ψn,m(r, θ, ψ) = c
−1A−(m+ 2)A−(m+ 4)...A−(n− 2)A−(n)Ψn,n(r, θ, ψ),
where
c =
1
2
n−m
2
√
(n−m)!!2n(2n− 2)...(n +m+ 4)(n+m+ 2),
and
(n−m)!! = (n−m)(n−m− 2)...4× 2,
Ψn,n(r, θ, ψ) ≡ Ψ(n,n,n3,n4)(r, θ, ψ) = (a†3)n3(a†4)n4A†2(n− 1)A†2(n− 2)...A†2(1)A†2(0)e−
1
2
ωr2 .
Of course we can obtain the eigenfunction Ψ(n,m,n3,n4)(r, θ, ψ) by reduction of coordinate φ
via Fourier transformation of (3.11), which has the following form:
Ψ(n,m,n3,n4)(r, θ, ψ) = N2
n
2 e−(1/2)r
2
(r sin(ψ) sin(θ))n
×Hn3(sin(ψ) sin(θ))Hn4(r cos(ψ))Σ
n−m
2
i=0 (−1)ii!


n−m
2
i




n+m
2
i

 (r sin(ψ) sin(θ))2i.
IV CONCLUSION
Here in this work having Fourier transformed 3 and 4-dimensional Hamiltonians associated
with su(2) and Heisenberg Lie algebra we have been able to obtain 2 and 3-dimensional
Hamiltonian whit shape invariance symmetry. It would be interesting to obtain many-body
Hamiltonian in one dimension or higher, which possesses shape invariance symmetry by
appropriate Fourier transformation over some coordinates of Hamiltonian associated with
higher ranks semisimple and non semisimple Lie algebra. This is under investigation.
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